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1. Getting solutions in the hodograph plane. The flow func-
tion ¢y'of a plane steady-state vortex free motion of a nonviscous gas
subject to the adiabatic law satisfies the equation of Chaplygin

Te

Py L0 _t (1—n)" _1—(2B+1)s
‘9ot K 808 0 (6 - S 2t d1> ’ k (1_T)Zﬁ+l (.H
Here *
- 1 . v? - _x—-1 1 1.0
x—1’ T2 *T k41 2841 (1.2

« 1s the adiabatic exponent, v is the velocity, v_ is the limiting velo-
city in the gas, r_ is the value of corresponding to the speed of sound,
0 1s the angle between the velocity and the x-axis, and K is the
Chaplygin function. We shall seek a solution of Equation (1.1) in the

form

$ = Py(0) + 0 Py(c) L. ..+ 0°Py(c) + . ..+621Poy 4 (a) (1.3)

where the P (@) are functions of ¢ only and n is an arbitrary non-
negative integer,

For Equation (1.1) to hold the function P, must satisfy the following
system of equations

P+ v+ 20+ DKP ;=0 (v=ormm—1,  Ppp=0.  Py.._0o (1.4)

The equations of this system yield two independent systems of equa-
tions for P, with even and odd indices. Integrating these equations we
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get
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where the functions F,; and G,; and the functions F,;_ ; and G,;_, (i =
1, 2, ..., n) which are mdlspensable in the sequel are given by the

formulas .
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a; and b; are constants of 1nt,egrat10n. o, is the value of ¢ correspond-
ing to an arbitrary value of 7 = r in (1. 1). From Chaplygin’s equations
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we find an expression for the velocity potential ¢ in the fomm
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F_ =0, G.y=1 {114

It might seem that this solution is not new and that it could be ob-
tained by the well-known method of Bergman when one takes as the
»generating” harmonic function a sum of homogeneous harmonic polynomials,
However, this is not so for the Bergman method would yield an infinite
rather than a finite series in 6 as the exact solution.

2. Some properties of the flows corresponding to the ob-
tained solutions. By assigning different values to n and to the inte-
gration constants we obtain arbitrarily many different solutions. Since
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the Syscem (1.4) splits into two independent systems, the Solution (1.3)
may be regarded as the sum of two solutions, one with even indices and
the other with odd indices:

n n
¢ = Z 0% P, (o), g= 6P, . (o) (2.1)
= r=0
If a,, +1 is the only non zero constant in (1. 5) and (1.13), then

there remain only the functions Py = (~1",, ,, G, = oGy, Q; =
~Dntl g ay,, 1 = —a. In this case the first solution in (2.1) and
Equation (1.11) yield ¢ = aG,, ¢ = — a0, i.e. the gas flow is of the
vortex point type.

In the sequel we assume everywhere o, = 0, the value corresponding to
critical velocity. It is clear that this assumption is no restriction of
generality and is convenient for the study of sonic motions since in the
case of a sonic flow the functions F and G with different indices other
than Fy = G_; = 1 vanish.

If we then put all the b, in (1.5) and (1.6) with the possible excep-
tion of b, ., equal to zero then all the functions P, other than P
(- 1)"b2 +1 vanish on the Mach line. Hence ¢ = const on the Mach 11ne
separating the subsonic and supersonic flows and this line is a flow
line. Thus in this particular case the flow has the same property as a
flow due to an isolated vortex.

Similarly, if in (1.6) and (1.12) we put all the coefficients other
than b, equal to zero, then the only non zero functions are P, =
(—l)"b =b, @y = <1)", F, =bF,. In this case the second solution
in (2, 17 and Equatlon (1. 11) give ¢'— b8, ¢ = bF;, i.e. a solution for a
source in the gas.

It is well known that in case of a shock free transition through the
Mach line it is necessary that d¢//d 6 = 0 on that line. (1.3), (1.5) and
(1.6) imply that on the Mach line

n
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It follows that the transition of the gas through the Mach line is
possible only for those sections for which not all of the coefficients
vanish simultaneously. In the opposite case continuation of a vortex free
flow beyond the Mach line is impossible. This agrees with the well-known
property of a gas flow of the source type.

3. Computations. The functions F and G are not subject to any
specific conditions and can be computed in advance for all problems.

In the sequel we put x = 1.4 so that 8= 2.5, Then by (1.1)



186 E.D. Tomilow

1—8
K=(7_~T)Is 3.1

The substitution 7 = 1 — z? reduces the expression for ¢ in (1.1) to
the integrable form

z8dz o — L
o = X T— (24 = Vi—t.= V}(L_H = V % = 0.91287092917) (3.2)
z*
Hence
1 142 23 £
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where A is the value of the variable terms for z = z_.

The functions F, and F, can be obtained by direct computation of inte-
grals. On the basis of (3.1) and (3.2) we get

4t 44 M4 _
Py~ z_s kB (B = 1.5883027569) (3. 4)
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Integration by parts enables us to express all the functions G,;_,
in terms of the other functions, namely,
2i

Goiy= 2 (— 1)1 FGoi 1y (i=1,...,n+1) (3.6)
k=1

Thus we need only determine all the other functions F and the func-
tions G with even indices. To tabulate the values of these functions one
can use formulas for approximate evaluation of integrals or other methods
(e.g. the Taylor expansion about o = 0).

4. Transition to hodograph plane. Substitution of (1.3) and
(1.11) in the Chaplygin formulas

[cos()dcp—(_fi%dq;:l s dy =

dx =
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and integration yeild the following expressions for the coordinates of
the hodograph plane

(Rsin® + Scos0) +Cy, y=— ,(Ssm@-—R cos0)--Co  (4.2)

mV‘l'

Here C, and C, are integration constants and R and S are functions of

1
V'
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o and 6 defined by the formulas

2n+1 2n-+1
R= 2\ (aye, -+ byl S= 3 (a8 +byhy) (4.3)
k=0 k=0

where a, and b, are the same arbitrary constants as before and the func-

tions e, and g, have the form (4.4) and (4.5) below (depending on whether
k=2mor k=2m+ 1)
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The functions f, are obtained from the expression for the e, by re-
placing in the latter the functions G by the functions F with the same

index. In the same way one gets the functions h, from the expressions for
the g,. Also

q= (1) (4.5)
Py = O —2r (2r— 1) 02 1oL (Y12 (2F — 1) - -4.3.024 (— 1) (27! @)
Popy= 0 —(2r 1) 20671 o (— Y @110 (r=0,1,..., n)
Finally, in (4.4) and (4.5) it is necessary toput F_;, =F_,=F , =

Goa=6G,=0

5. Examples. We consider gas flows corresponding to solutions of
the first type (2.1) for n = 1 and a, = 0 and of the second type (2.1)

forn = 0 and b, = 0. In the first case the dimensionless flow function
Y° takes the fom

§° = 07— 2F, <¢°~ 4’) 5.1)
and in the second case the form
4° = 6o (qﬁ = g’;\ (5.2)

To utilize (3.3), (3.4) and (3.5) for computations we tabulated the
functions o, F; and F, as functions of r at intervals Ar = 0.005 for
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0<7r<0.4and Ar = 0.05 forr > 0.4,

V.I. Mikuta and L.A. Donskaia participated in the computations and
the determination of the form of the flows.

To obtain dimensionless coordinates we divided in the first case by
b,/v, and in the second case by —ao/vm. It then turned out that the Mach
line coincident with the limiting line had the form of an evolute of a
circle of radius q,/y/r  starting at the point =0, 5= q*/\/r*
where g, and 7 correspond to the critical velocity. The lines of flow
issue from the points of the limiting line in a direction orthogonal to
that line on its convex side and bend in the same direction as that line
for subsonic velocities and, weakly, in the opposite direction for super-
sonic velocities. To the values 8 > 0 and 6 < 0 there correspond two
limiting lines symmetric with respect to the y-axis. Only a flow associ-
ated with one of these limiting lines is possible since the lines of flow
corresponding to two different evolutes intersect each other.

Fig. 2.

The flow corresponding to (5.2) turned out to be more interesting.
Here one obtains a flow symmetric with respect to the x-axis whose
qualitative features are represented in Fig. 1. At infinity to the left
the velocitlies are zero. Then the flow gradually picks up speed and the
flow lines converge very slowly and end on the segment BC of the x-axis.
At B the velocity is equal to the velocity of sound and it decreases as
we go from B to C. On AB ¢ = 0.

In this case the Mach line consists of two evolutes of a circle of
radius 1/Vr _ which originate at 2 = yr,, y? = 0 (the point B in
Fig. 1) and are branches of the line of flow ¢/® = 0. The limiting line
also issues from B in a direction perpendicular to the x-axis. In this
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Fig. 3.

case an unsymmetric, mixed gas flow depicted in Fig. 2 is possible. Here
ABE is a line of the flow ¢® = 0 which appears on the segment BE of the
Mach line and BD is the limiting line. Below and to the right of ABE
is the flow with subsonic velocity and the lines of flow gradually con-
verge as a result of increased velocity along these lines. In the region
DBE the flow has supersonic velocity. Reflection in the x-axis yields
another such flow corresponding to negative values of 6.

Finally when we pass to the next sheet of the Riemann surface we ob-
tain a pure supersonic flow whose qualitative features are represented
in Fig. 3. Here the flow can be assumed to be symmetric. The part of the
x-axis to the right of B is a line of the flow ¢ = 0,
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